Engineering a Kerr-based Deterministic Cubic Phase Gate via Gaussian
  Operations by Yanagimoto, Ryotatsu et al.
Engineering a Kerr-based Deterministic Cubic Phase Gate via Gaussian Operations
Ryotatsu Yanagimoto,1, ∗ Tatsuhiro Onodera,1, 2, 3, ∗ Edwin Ng,1
Logan G. Wright,1, 2, 3 Peter L. McMahon,3 and Hideo Mabuchi1
1E. L. Ginzton Laboratory, Stanford University, Stanford, California 94305, USA
2NTT Physics and Informatics Laboratories, NTT Research,
Inc., 1950 University Ave. East Palo Alto, CA 94303, USA
3School of Applied and Engineering Physics, Cornell University, Ithaca, New York 14853, USA
(Dated: December 25, 2019)
We propose a deterministic, measurement-free implementation of a cubic phase gate for
continuous-variable quantum information processing. In our scheme, the applications of displace-
ment and squeezing operations allow us to engineer the effective evolution of the quantum state
propagating through an optical Kerr nonlinearity. Under appropriate conditions, we show that the
input state evolves according to a cubic phase Hamiltonian, and we find that the cubic phase gate
error decreases inverse-quartically with the amount of quadrature squeezing, even in the presence of
linear loss. We also show how our scheme can be adapted to deterministically generate a nonclassical
approximate cubic phase state with high fidelity using a ratio of native nonlinearity to linear loss
of only 10−4, indicating that our approach may be experimentally viable in the near term even on
all-optical platforms, e.g., using quantum solitons in pulsed nonlinear nanophotonics.
Quantum computation (QC) holds promise for outper-
forming conventional computers in solving certain types
of hard problems of practical interest [1]. Alongside es-
tablished discrete-variable QC platforms such as super-
conducting microwave circuits [2, 3] and trapped ions [4],
continuous-variable (CV) quantum information process-
ing using optical systems is also expected to play impor-
tant roles in the path towards practical QC [5–12], due
to its room-temperature and high-bandwidth operability.
In such systems, it is known that Gaussian operations to-
gether with one non-Gaussian operation suffices to realize
a universal gate set, and in many proposed CVQC archi-
tectures, the cubic phase gate Uˆ cubic(γ) = exp(iγxˆ3) is a
particularly convenient candidate for the non-Gaussian
operation [5, 6, 13]. A cubic phase gate can be im-
plemented by utilizing the nonlinearity induced by non-
Gaussian photon measurement together with Gaussian
feed-forward operations [14–17]. Alternatively, Gaussian
measurement and feed-forward operations suffice if a cu-
bic phase state |γ〉 = ∫∞−∞ eiγx3 |x〉dx is available as an
ancilla [5, 18, 19], and approximate constructions of this
state under photon-number constraints are known [20].
To our knowledge, however, no measurement-free (i.e.,
coherent) implementation of a cubic phase gate has yet
been proposed. This is a challenging task because (i) op-
tical material nonlinearities tend to be small relative to
typical dissipation rates, and (ii) it is difficult to find a
simple natural process described by a cubic-phase Hamil-
tonian Hˆcubic ∝ xˆ3. To address these issues, we take
inspiration from other proposals where Gaussian opera-
tions are utilized to alter and enhance the quantum dy-
namics of a system. For example, it is known that by se-
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lectively and strongly displacing one of the optical fields
in a native four-wave mixing process, one can control how
the photons in the other fields interact [21, 22], while the
use of squeezed light can enhance coupling of the optical
field to other degrees of freedom [23–25]. In this work,
we apply both squeezing and displacement operations on
the state before entering a Kerr nonlinearity—and then
apply the inverse of those operations after—to realize
Uˆ cubic coherently. Intuitively, the squeezing selectively
enhances the sensitivity of the x-quadrature to the Kerr
effect, effectively forming in phase space a 1D quartic
potential in x; the displacement then allows us to choose
an operating point along x in the vicinity of which the
potential is approximately cubic in x.
The general setup of our scheme is as follows. We
consider a nonlinear medium with some physical native
Hamiltonian Hˆnl =
∑
n,m cn,m(aˆ
†)n(aˆ)m, where aˆ is a
mode annihilation operator. As shown in Fig. 1(A), be-
fore the input state |ψin〉 enters the nonlinear medium,
we first apply two operations: a squeezing operation
Sˆ(log λ), corresponding to in-phase quadrature power
gain λ2 and a displacement operation Dˆ(α). Then, af-
ter propagation through the nonlinear medium for time
τ , we apply the inverse operations Dˆ†(α) and Sˆ†(log λ).
This sequence can be described by a unitary operator
Uˆ effnl = Sˆ
†(log λ)Dˆ†(α)e−iHˆnlτ Dˆ(α)Sˆ(log λ). (1)
This operator can be associated with an effective Hamil-
tonian Hˆeffnl such that Uˆ
eff
nl = e
−iHˆeffnl τ , where Hˆeffnl is given
by Hˆnl under the substitution aˆ 7→ aˆeff = λxˆ/
√
2 +
iλ−1pˆ/
√
2 + α; explicitly,
Hˆeffnl =
1
2
∑
n,m
cn,mλ
2(n+m)(xˆ− iλ−2pˆ+
√
2α)n
× (xˆ+ iλ−2pˆ+
√
2α)m.
(2)
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FIG. 1: (A) Gaussian operations are applied to the input
state |ψin〉 before and after evolution under the Hamilto-
nian Hˆnl. Insets: Wigner functions of the quantum state
at each step of generating a cubic phase state. (B) Possi-
ble realization of a coherent cubic phase gate acting on a
pulse with carrier frequency ω. Here, HˆKerr is realized by
χ(3) self-phase modulation (SPM) in combination with a de-
tuned drive. Displacement and squeezing can be realized us-
ing high-transmission beamsplitters and χ(2) degenerate para-
metric amplifiers (DOPAs) pumped at 2ω, respectively.
In the limit of strong squeezing λ → ∞, this Hamil-
tonian converges to a polynomial of xˆ, so intuitively, by
properly choosing cn,m and α in this limit, one can en-
gineer a variety of xˆ-dependent effective Hamiltonians,
such as the cubic phase Hamiltonian. In addition, by
comparing the terms in Hˆnl with those of the same or-
der in Hˆeffnl , we see the inclusion of λ and α can lead to
a Gaussian enhancement of the native Hamiltonian co-
efficients. Though we focus on the explicit construction
and evaluation of a cubic phase gate in this paper, it is
worth mentioning that this approach can in principle be
extended to a much broader class of gates.
More concretely, consider a driven Kerr Hamiltonian
HˆKerr = −χ
2
aˆ†2aˆ2 + δaˆ†aˆ+ β(aˆ+ aˆ†). (3)
A possible construction of such a Hamiltonian is shown
schematically in Fig. 1(B), where χ is associated with
the χ(3) self-phase modulation of a propagating pulse in
a Kerr medium. Alternatively, it can also be realized in a
driven high-finesse Kerr cavity [26, 27]. In some settings,
the application of a constant drive concurrent with the
nonlinearity may be technologically challenging; in Ap-
pendix A, we show an alternative realization by applying
the drive and nonlinearity separately, in the form of ad-
ditional displacements and undriven Kerr mediums.
We now apply the transformation aˆ 7→ aˆeff to (3), as-
suming α > 0. After some cumbersome but straightfor-
ward calculations, we get the effective Hamiltonian
HˆeffKerr(δ, β) =−
χ
8
(λ4xˆ4 + pˆxˆ2pˆ+ xˆpˆ2xˆ+ λ−4pˆ4)− 1√
2
χλ3αxˆ3 − 1√
2
χλ−1αpˆxˆpˆ
+
1
2
λ2
(−3χα2 + χ+ δ) xˆ2 + 1
2
λ−2(−χα2 + χ+ δ)pˆ2 +
√
2λ(−χα3 + χα+ δα+ β)xˆ,
(4)
where we have ignored a constant offset. Notice that the
cubic terms in xˆ and pˆ carry a factor of α: intuitively,
these terms arise when considering how the quantum fluc-
tuations of three of the fields in the four-wave-mixing pro-
cess interact in the presence of the mean of the fourth;
i.e., when the latter is formally replaced by its classical
displacement α.
Now, we attempt to cancel undesired terms by an ap-
propriate choice of the detuning δcubic and drive βcubic to
arrive at an effective cubic phase Hamiltonian HˆcubicKerr =
HˆeffKerr(δ
cubic, βcubic) which approximates the desired form
∼ xˆ3. Specifically, we set δcubic = 3χα2 − χ and
βcubic = −2χα3 to eliminate the xˆ2 and xˆ terms, and
then assume a scaling α ∼ λ3. This produces a Kerr-
based cubic phase Hamiltonian
HˆcubicKerr = −µ
(
xˆ3 +
λα−1
4
√
2
xˆ4 −
√
2λ−5αpˆ2 +O(λ−4)
)
(5)
where µ = χλ
3α√
2
> 0. Intuitively, the scaling of α ∼ λ3 is
assumed to minimize the second and third terms above,
and we later numerically show that this scaling is op-
timal. Thus, to leading order in 1/λ, the Hamilto-
nian takes the desired form, and a cubic phase gate
Uˆ cubicKerr (γ) = exp(−iτHˆcubicKerr ) with gate angle γ is realized
by setting the gate time to be τ =
√
2γ/χαλ3.
Because the amplitude of the major error terms scales
as O(λ−2), there is an intrinsic gate error even in the ab-
sence of any decoherence. We can define this error to be
Eint = E(Uˆ cubicKerr |ψin〉) = 1 − F(Uˆ cubicKerr |ψin〉 , Uˆ cubic |ψin〉),
where F is the fidelity. Based on the scaling of the error
terms, we expect Eint to scale as O(λ−4).
To concretely evaluate our scheme, we consider the
Gottesman-Kitaev-Preskill (GKP) qubit states [5, 28, 29]
as inputs and evaluate the gate error for γ = 0.1. The
3symmetric GKP qubits that we consider are
|z+〉 ∝
∞∑
k=−∞
exp
[
− (2k
√
pi∆)2
2
]
Dˆ(2k
√
pi) |∆〉 (6)
|z−〉 ∝
∞∑
k=−∞
exp
[
−
(
(2k + 1)
√
pi∆
)2
2
]
Dˆ
(
(2k + 1)
√
pi
) |∆〉 ,
where |∆〉 is a squeezed vacuum state with variance 〈pˆ2〉−
〈pˆ〉2 = ∆2/2. We refer to the other relevant states in the
qubit subspace as |y±〉 = (|z+〉 ± i |z−〉)/√2 and |x±〉 =
(|z+〉 ± |z−〉)/√2.
We show the intrinsic gate errors for GKP qubit states
with ∆ = 0.3, 0.4, and 0.5 in Fig. 2, where we observe
the expected scaling Eint ∼ λ−4 holds for all the relevant
GKP qubit states for large enough λ. In this calculation,
we optimized over the displacement α to minimize the
gate error, and we indeed observe the theoretically ex-
pected scaling α = Cλ3. As shown in the figure, we also
find that the constant C does not depend strongly on the
input state. Based on these observations, we choose to
focus our analysis of the gate performance on the input
state |z+〉 with ∆ = 0.5 without much loss of generality.
In considering the implementation of our scheme on op-
tical platforms, the actual limiting factor will most likely
be the linear loss, and here we characterize its impact.
Specifically, we focus on linear loss that acts concurrently
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FIG. 2: Intrinsic gate error Eint (upper) and optimal displace-
ment α (lower) of the proposed coherent cubic phase gate with
gate angle γ = 0.1 for various GKP qubit states (6) with three
values of ∆, as a function of the squeezing λ. The grey solid
lines are guides that show the predicted scaling Eint ∼ λ−4
(upper) and α ∼ λ3 (lower).
with the Kerr nonlinearity; we model this loss using a
Lindblad operator Lˆ =
√
κaˆ, where κ is the power decay
rate. Due to the Gaussian transformations, the effective
Lindblad operator is
√
κaˆeff. Thus, though the native
linear loss rate is κ, the effective loss rate is ∼ λ2κ, cor-
responding to increased quantum fluctuations. On the
other hand, the time required to realize a desired gate
operation is τ ∼ λ−6. As a result, the gate error induced
by the linear loss should scale as κτ ∼ λ−4. Thus, the
total error E = E(ρˆ), where ρˆ is the output state with
linear loss, also scales inverse-quartically with respect to
the field gain λ of the squeezer.
In order to confirm these heuristic scaling arguments,
we perform numerical simulations of the gate operations
in the presence of linear loss. First, in Fig. 3(A), we
show the gate error for various values of κ as a function
of λ and α. The figure shows that the optimal α that
minimizes the gate error for a given λ increases for larger
κ. This is because larger α reduces the gate time τ =√
2γ/χαλ3, which decreases the error incurred by linear
loss, while an α that is too large leads to an increase
in Eint. Thus, the optimal α is determined based on the
balance between these two contributions, and when linear
loss dominates, larger α is preferable. The gate error
achieved for such optimal α is shown in Fig. 3(B), where
the expected scaling of E ∼ λ−4 is observed.
Next, we analyze the robustness of our scheme by con-
sidering the effect of stochastic variations of system pa-
rameters on gate error. Because of the Gaussian enhance-
ment in our scheme, the effects of these variations could
be more pronounced. Here, we investigate phase noise,
which might arise, e.g., from phase deviations between
the input and output squeezers. We model the noise as a
fixed phase rotation dθ/2pi applied at the end of the non-
linear medium. In the presence of this noise, the unitary
is
exp(−idθaˆ†eff aˆeff)UˆcubicKerr ∼ exp
(
−
√
2iλαxˆdθ
)
UˆcubicKerr . (7)
Therefore, to leading order, a phase rotation at the end of
the nonlinear medium is equivalent to a p-displacement
on the output state by an amount proportional to λ4dθ.
The gate error due to this noise scales as (λ4dθ)2, as con-
firmed by the numerical simulation shown in Fig. 3(C). In
Appendix B, we show that other major sources of noise
are also described by p-displacements with the same scal-
ing. Conveniently, such displacement errors can be nat-
urally corrected in the GKP scheme [5]. In order to
implement a gate with E < 1%, a low phase noise of
dθ/2pi < 10−4 is required. Thus, careful phase stabiliza-
tion of the light source and optical paths is essential for
our scheme [30, 31].
Next, we adapt the coherent cubic phase gate for state
generation. Unlike the gate operations on an unknown
state, additional Gaussian transformations can be ap-
plied to further improve the fidelity of state prepara-
tion as the input state is fixed for a desired output
state. In particular, we focus on the generation of a
cubic phase state |γ〉, which is the output of an ideal
cubic phase gate acting on an infinitely squeezed vacuum
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FIG. 3: (A) Gate error E as a function of displacement α and
squeezing λ for three different values of linear loss κ. Yel-
low circles show optimal α for each λ; blue solid lines show
the expected scaling α ∝ λ3. (B) Gate error as a function
of λ for the optimal choice of α. Dashed lines show the ex-
pected scaling of E ∼ λ−4. (C) Gate error in the presence of
a small phase rotation dθ that is applied after the propaga-
tion through the nonlinear medium. Dashed lines show the
expected scaling E ∼ λ8. For all the plots, the input state is
the GKP qubit state (6) |z+〉 with ∆ = 0.5, and γ = 0.1.
state lim∆→0 |∆〉. Because such states are unbounded,
we instead use a finitely squeezed vacuum |∆ = 0.5〉
as an input state, which consequently sets the target
state to be Uˆ cubic(γ) |∆ = 0.5〉. Following the discus-
sion in Ref. [20], the discrepancy between this chosen
state and |γ〉 is quantified by the variance of the opera-
tor pˆNLQ = pˆ− 3γxˆ2, which is ∆22 = 0.125.
In Fig. 4, we show the Wigner function of a cubic phase
state realized with squeezing λ of 15 dB and displacement
α = 1.4 × 104 as an example. Even with a large linear
loss of χ/κ = 10−4, the characteristic oscillations of the
Wigner function [32] of an ideal cubic phase state are
reproduced, and the fidelity of the state with respect to
the target state is 97.8%. This is in stark contrast to
the generation of Fock states [33] for instance, where the
same Hamiltonian as (3) is used, but χ/κ > 103 is needed
to reach this level of fidelity. This resilience of our scheme
to linear loss is attributed to the Gaussian amplification
of the nonlinearity.
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FIG. 4: Left: Wigner functions of the cubic phase state with
γ = 0.1, which is normalized within the plotted region. Mid-
dle: An approximate cubic phase state generated by act-
ing with the ideal cubic phase gate on the squeezed state
|∆ = 0.5〉. Right: Cubic phase state generated using a co-
herent cubic phase gate (our scheme) acting on |∆ = 0.5〉
with linear loss χ/κ = 10−4, 15 dB of squeezing λ, and
α = 1.4× 104.
Though the scheme we presented is general and can be
implemented with continuous-wave optics or even super-
conducting circuits, we briefly discuss the experimental
feasibility of our scheme in the context of pulsed nonlin-
ear optics, as time-multiplexed qubits encoded in opti-
cal pulses is a convenient platform for scalable quantum
information processing [11]. In this context, however,
the time-domain nature of the nonlinear interaction can,
in general, lead to spectral-temporal mode distortions of
the pulse in which the state resides [34–39]. As we show
in Appendix C, one way to ensure single-mode behav-
ior of an optical pulse propagating in a Kerr medium
is to encode the state into a quantum Kerr soliton [40–
46], which can be done provided the input state is highly
displaced. Fortuitously, the displacement operation in
our scheme prior to entering the nonlinear medium en-
sures that this condition is met. In this implementation,
the figure of merit is the ratio between the single-mode
self-phase modulation rate and the decoherence rate of a
quantum Kerr soliton, which can be expressed in terms
of experimentally relevant parameters as follows:
χ
κ
≈ 3.83~ω0γnl
αattTFWHM
, (8)
where ω0 is the carrier frequency, γnl is the effective non-
linear coefficient, αatt is the attenuation rate (in units
of dB/[length]), and TFWHM is the full width at half-
maximum of the pulse intensity in time. Assuming a
soliton with TFWHM = 100 fs, experimentally-obtained
values for AlGaAs-on-insulator [47] (Si-on-insulator [48])
waveguides with γnl = 660 W
−1m−1 (280 W−1m−1) and
5αatt = 140 dB/m (400 dB/m) at a wavelength of 1.59 µm
(1.54 µm) results in χ/κ = 2.2 × 10−5 (3.4 × 10−6).
Though careful dispersion engineering [49] will be re-
quired to form a soliton with the desired length while
still satisfying the requirements of our scheme (see Ap-
pendix C for an extended discussion), these numbers
indicate that, by leveraging the longitudinal as well as
transverse field confinement available in pulsed nonlinear
waveguides, the realization of our scheme is potentially
within experimental reach in the near term even in an
all-optical platform.
We have proposed a deterministic, measurement-free
implementation of a cubic phase gate using Kerr nonlin-
earities and Gaussian operations, where the gate error is
shown to exhibit a favorable scaling of E ∼ λ−4 with re-
spect to the quadrature squeezing λ, even in the presence
of linear loss. While not specific to optics, our approach
presents a potential solution, complementary to propos-
als based on measurement feedback [14, 18, 50, 51], to
the central challenge in optical information processing
of overcoming the lack of non-Gaussian (non-Clifford)
gates. Despite the weak material nonlinearities in op-
tics, the enhancement of the nonlinearity achieved by
Gaussian transformations (the displacement and squeez-
ing of the field) makes the scheme plausibly realizable
when combined with high electric field confinement of op-
tical pulses inside nanophotonic waveguides. While our
scheme has immediate implications for optical QC, we
also believe our technique of using Gaussian transforma-
tions to realize and enhance desired quantum operations
will find broad application in optical quantum informa-
tion processing and quantum engineering in general.
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Appendix A: Coherent cubic phase gate without continuous linear drive
In the main text, our scheme is based on a Kerr nonlinear Hamiltonian (3) with a continuous linear drive term
β(aˆ+ aˆ†). In this section, we introduce an alternative construction to approximately realize (3) by applying discrete
displacements before and after propagation through an undriven Kerr medium N times. We justify this scheme
via a simple analytic argument and run numerical simulations to verify its performance. The unitary operator that
describes this sequence of operations is given by
Uˆdiscrete =
[
Dˆ
(
− iτβ
2N
)
exp
(
−i τ
N
HˆKerr(δ, β = 0)
)
Dˆ
(
− iτβ
2N
)]N
, (A1)
where Dˆ
(
− iτβ2N
)
= exp
(− iτ2N β(aˆ+ aˆ†)) are discrete displacement operations that are applied before and after prop-
agation through the Kerr medium to approximate the drive term. Using the Trotter-Suzuki expansion, we formally
see that Uˆdiscrete = exp
(
−iτHˆKerr(δ, β)
)
+O
(
τ3
N2
)
. Now by applying our usual Gaussian operations before and after
this entire sequence of operations, we get
Uˆ cubicdiscrete(γ,N) = Sˆ
†(log λ)Dˆ†(α)UˆdiscreteSˆ(log λ)Dˆ(α) = Uˆ cubicKerr (γ) +O
(
γ3
N2
)
, (A2)
where we set δ = δcubic, β = βcubic, τ =
√
2γ
χαλ3 to realize the cubic phase gate. It should be noted that for N = 1, the
discrete displacements Dˆ
(
− iτβ2N
)
can be merged with the initial displacement operation Dˆ(α) of our scheme so that
this alternative discretized approach at N = 1 can be realized in the originally proposed experimental setup without
a continuous drive.
In Fig. 5, we show the gate error of Uˆ cubicdiscrete(γ = 0.1, N) as a function of the displacement α for various squeezing
λ and N . The figure shows that even N = 1 can provide reasonably good gate fidelity as long as the displacement is
chosen appropriately.
Appendix B: Noise analysis
In the main text, we analyzed the robustness of our scheme by studying the effect of stochastic phase rotations at
the end of the nonlinear medium. In this section, we extend this analysis to other major noise sources in our scheme,
by studying the effect of a noisy detuning δ and drive β.
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FIG. 5: Gate error of the discretized alternative scheme introduced in Appendix A (markers), compared to that of the continuous
drive scheme that was considered in the main text (solid lines). The gate error is shown as a function of the displacement α
with squeezing λ being 5 dB (grey), 10 dB (red), and 15 dB (blue). Here, the gate angle is chosen to be γ = 0.1, the input
quantum state is chosen to be |z+〉 with ∆ = 0.5, and the lossless κ = 0 case is considered.
First, we consider the effect of a noisy detuning. Following the approach in the main text, we model this noise by
a fixed detuning δ = δcubic + dδ, where dδ is an addition detuning due to noise. By substituting this expression of δ
into (4), we find that the effective Hamiltonian picks up the following additional noise term:
dδaˆ†eff aˆeff ≈ 3
√
2χλα3
dδ
δcubic
xˆ. (B1)
Because this term commutes with the cubic phase Hamiltonian Hˆcubic to leading order in 1/λ, it can be shown that
the effect of the noise in the detuning is equivalent to the application of a stochastic p-displacement on the output
(or input) state of the cubic phase gate. Since the amount of displacement is 3
√
2χλα3 dδ
δcubic
τ = 6γα2λ−2 dδ
δcubic
, the
gate error due to this effect scales as
(
dδ
δcubic
λ4
)2
.
Next, we consider the effect of a noisy drive β = βcubic + dβx + idβp, where βx (βp) represents in the in-phase
(quadature-phase) noise of the drive. For this noise, the dominant error terms in the effective Hamiltonian are given
by
(dβx + idβp)aˆ
†
eff + (dβx − idβp)aˆeff ≈ −2
√
2χλα3xˆ
dβx
βcubic
. (B2)
Thus, we find that the scheme is primarily sensitive to the in-phase noise dβx. Since this error term takes the
same form as (B1), it can be shown that the effect of this noise is once again equivalent to the application of an
additional p-displacement on the output (or input) state of cubic phase gate. The amount of displacement is given
by 4iγα2λ−2 dβx
βcubic
, and the gate error due to this effect scales as
(
dβx
βcubic
λ4
)2
.
Fig. 6 shows numerical simulations of the gate error in the presence of a noisy detuning or a noisy drive. The results
confirm our theoretically expected scaling of E ∼ λ8.
Appendix C: Quantum Kerr solitons
In this section, we derive conditions under which optical Kerr solitons can serve as a platform for implementing
the cubic phase gate scheme. When a pulse propagates in a nonlinear medium, it is well known that it generally
experiences spectral-temporal mode distortions [34–39]. Even in the absence of linear dispersion, the presence of a
positive χ(3) nonlinearity, for example, can induce a phase chirp in the pulse envelope so that the leading end of the
pulse has lower frequency. This can be problematic for the construction of a cubic phase gate, because it becomes
difficult to assume the single-mode nature of the Kerr interaction, which is essential for our scheme. On the other
hand, in classical pulsed nonlinear optics, the introduction of a finite anomalous group velocity dispersion in 1D
waveguides enables the formation of Kerr solitons whose envelopes are temporally stable [45]. The description of
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FIG. 6: Gate error in the presence of a (A) noisy detuning δ = δcubic + dδ or (B) noisy drive β = βcubic + dβx. For both plots,
the input state is the GKP qubit state (6) |z+〉 with ∆ = 0.5, and γ = 0.1. The dashed lines are guide for eyes showing the
expected scaling E ∼ λ8.
Kerr soliton formation was extended to the quantum setting in Refs. [34, 42, 43, 52–55]. Following these results,
Ref. [41, 44] analyzed coherent-state excitation of such solitons; when these excitations are large, the system exhibits
behavior that can approximately be described by single-mode self-phase modulation (SPM).
Here we briefly review the quantum construction of Kerr solitons, and we adapt the arguments of Ref. [41, 44] to
show that highly-displaced quantum states also undergo single-mode SPM, which is the condition necessary to realize
our scheme. In the process, we connect experimentally-relevant parameters to our figure of merit χ/κ. Note that,
though we used a convention ~ = 1 in the main text for simplicity, we write down ~ explicitly in this section to avoid
confusion. Since χ/κ is a unitless quantity, this convention does not lead to any ambiguity.
We consider a 1D nonlinear waveguide along the z-direction with positive nonlinear index of refraction n2 and a
constant anomalous group velocity dispersion ∂2kω. Using the time-dependent Hartree approximation, Ref. [42] shows
that one can construct an n-photon nonlocal field operator of the form
aˆn =
∫
hn(z)ψˆ(z)dz, with hn(z) =
1√
2vgTn
sech
(
z
vgTn
)
, (C1)
where the local photon-polariton field annihilation operators obey [ψˆ(z), ψˆ†(z′)] = δ(z−z′), and hn(z) is the normalized
n-photon wavepacket envelope. Here, vg is the group velocity at the carrier frequency ω0, and Tn = 2∂
2
kω/[(n −
1)~ω0v3gγnl] is the characteristic time scale of the pulse. The effective nonlinear coefficient γnl = ω0n2cAeff is related to the
speed of light in vacuum c and the effective cross-section of the waveguide Aeff . Using these field operators aˆn, we
can then construct n-photon states which evolve according to
|φn(t)〉 = exp
[
− i
2
(
−~ω0vgγnln(n− 1)
2Tn
)
t
]
× 1√
n!
(aˆ†n)
n |0〉 . (C2)
Excitations of this form, which propagate with only an intensity-dependent (Kerr) phase shift of its wavepacket,
are called quantum Kerr solitons. Note this solution assumes an instantaneous Kerr interaction, which is a good
approximation when the response time of the Kerr effect TKerr [34, 35, 56] in the physical system is much smaller
than the characteristic time scale of the pulses (i.e., TKerr  Tn). This condition is generally valid in nanophotonic
platforms where TKerr is generally on the order of few fs for solid-state materials [57–60].
Since the excitations described by (C2) are definite-photon states, however, coherent-state excitations of these
wavepackets necessarily lead to quantum dispersion in the wavepacket. However, we note that for our cubic phase
gate, we are primarily concerned with the evolution of quantum states |ψ〉 = Dˆ(α) |ϕ〉 that are highly displaced,
where the excitation in |ϕ〉 is reasonably small. Thus, if the average excitation of our displaced state is n¯ ' |α|2,
then following the argument presented in Refs. [41, 44, 46], we can consider the amount of wavepacket spread over a
range of photon numbers n¯− 2√n¯ < n < n¯+ 2√n¯; when n¯ is large, the wavepacket envelopes in this range are almost
identical, i.e., hn ≈ hn¯, as shown in Fig. 7(A). Thus, aˆn ≈ aˆn¯ in this regime, so if the quantum state is prepared
in the wavepacket hn¯ (i.e., |ψ〉 =
∑
n cn(aˆ
†
n¯)
n |0〉), then its evolution through the medium is described by a simple
8intensity-dependent phase shift as in (C2), which is equivalent to the action of a single-mode Kerr Hamiltonian
Hˆn¯/~ = −χ
2
aˆ†n¯aˆn¯(aˆ
†
n¯aˆn¯ − 1) = −
χ
2
aˆ†n¯
2aˆ2n¯, (C3)
with χ = ~ω0vgγnl/2Tn¯ > 0, as desired.
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FIG. 7: (A) Variation in the wavepacket envelopes hn(z) for n-photon quantum Kerr solitons around a “mean” wavepacket
hn¯(z) for various n¯. The horizontal axis is normalized with respect to the characteristic pulse width vgTn¯ of the mean envelope.
(B) Time evolution of the photon number during the operation of a coherent cubic phase gate, showing that the photon number
(and hence the soliton wavepacket envelope) does not change appreciably during the gate operation. The solid line indicates
the average photon number while the shaded region represents two standard deviations from the average. The simulation is
performed using γ = 0.1 on the input state |z+〉 with ∆ = 0.5; the displacement α is set to the value that maximizes the fidelity
of the gate for each squeezing parameter λ.
For the construction of a coherent cubic phase gate, an additional linear drive and detuning to the bare Kerr
Hamitonian (C3) has to be introduced. For example, these interactions can be realized by coherently populating an
auxiliary waveguide that is evanescently coupled to the main waveguide. This can be formalised as follows: Using
the local field annihilation operator for the auxiliary waveguide Ψˆ(z), the evanescent coupling is described by an
interaction term Hˆint/~ = 
∫
Ψˆ(z)†ψˆ(z) dz+ H.c., where  is the rate of the coupling. To ensure a single-mode drive,
the auxiliary waveguide must be populated with a temporally stable coherent pulse with the same envelope as the signal
pulse hn¯(z). Specifically, in the limit where the displacement of the pulse ξ in the auxiliary waveguide is sufficiently
large (i.e., ξ → ∞) and the evanescent coupling is sufficiently weak (i.e.,  → β/ξ) such that β = ξ is a constant,
we can adiabatically eliminate the mode in the auxiliary waveguide through the substitution Ψˆ(z) 7→ e−iδtξhn¯(z),
where δ is the detuning of the auxiliary waveguide mode with respect to the main waveguide mode. This leads to the
following single-mode expression of the interaction Hamiltonian:
Hˆint/~ = eiδtβ
∫
hn¯(z)ψˆ(z)dz + h.c. = e
iδtβaˆn¯ + H.c.. (C4)
By moving into the rotating frame via aˆn¯ 7→ e−iδtaˆn¯, we arrive at the desired single-mode Hamiltonian
HˆKerr/~ = −χ
2
aˆ†n¯
2aˆ2n¯ + δaˆ
†
n¯aˆn¯ + β(aˆ
†
n¯ + aˆn¯). (C5)
Although the photon number is not generally conserved under a linear drive, this effect is fortunately mostly
canceled by the combined effect of the detuning and the Kerr nonlinearity. This is shown in Fig. 7(B), which plots
the evolution of average photon number of the state during the prescribed operation of a coherent cubic phase gate.
We observe no significant variation in photon number, indicating that the form of the single-mode envelope hn¯ set by
the mean photon number n¯ of the initial state remains valid throughout the sequence.
Finally, we would like to express the figure of merit χ/κ in terms of experimentally relevant parameters. The linear
attenuation coefficient αatt (in units of dB[length]
−1) to the dissipation rate κ via κ = 10αattvg/ log 10 ≈ 4.342αattvg,
while the characteristic time scale Tn is related to the intensity full width at half-maximum TFWHM of the sech pulse
via TFWHM = (2 arccosh
√
2)Tn¯ ≈ 1.763Tn¯. Using these relations, the figure of merit is
χ
κ
≈ 3.83~ω0γnl
TFWHMαatt
. (C6)
9We compute the figure of merit χ/κ using experimentally demonstrated values of γ and α in nonlinear waveguides
assuming TFWHM = 100 fs. Though careful dispersion engineering will be required to form a soliton with the desired
length TFWHM, the calculations suggest that the prospect of realizing our scheme in on-chip photonic architectures is
promising in the near future.
TABLE I: Figure of merit χ/κ computed via (C6) with experimentally demonstrated values of γnl and αatt, and with an
assumed pulse length of TFWHM = 100 fs.
Platform γnl (W
−1 ·m−1) αatt (dB ·m−1) Wavelength (µm) Fig. of Merit χ/κ Reference
Silicon-on-insulator 280 400 1.54 3.4× 10−6 [48]
AlGaAs-on-insulator 660 140 1.59 2.2× 10−5 [47]
Si3N4 1 1 1.5 5.1× 10−6 [61]
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